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INTRODUCTION
The recently obtained three-dimensional transforma-
tion for rotating coordinate systems can find various ap-
plications from micro to macrocosm [1]. This transforma-
tion was obtained by successive rotations of three pairs
of differentials of three cylindrical coordinates of the an-
gle, length along the axis of rotation, and time. Such
rotations are principally different from pairs of Cartesian
coordinates, since the cylindrical coordinates has a pair
that describes the motion along a circle, that is, non-
rectilinear movement.
The transformation is designed for describing circu-
larly polarized fields. In such a description the concept
of the point-wise rotation is used when the axis of rota-
tion exists at each point. The cylindrical radius in the
transformation is an undefined parameter.
In this paper we describe applications of the transfor-
mation to quantum mechanics, general theory of relativ-
ity and optics.
THE 3D TRANSFORMATION
It is well known that a three-dimensional transforma-
tion in Cartesian coordinates can be obtained by succes-
sive rotations of any three pairs of coordinate differen-
tials. If one of the coordinates in the pair is time, then
the hyperbolic sine or cosine is used. Such a transfor-
mation depends on three arbitrary angles. In contrast,
for the cylindrical coordinates, the three angles can be
determined uniquely.
One of the angles corresponds to an element of length
on a circle of some radius. At a low frequency, rotation
has a non-relativistic form [2]
dϕ′ = dϕ− ωdt, dt′ = dt. (1)
where ϕ is cylindrical angle, ω is the angular frequency,
t is time. Variables of the second system are primed.
More modern form of this rotation is
rdϕ′ = rdϕ cosh Φ− dt sinh Φ, (2)
dt′ = −rdϕ sinh Φ + dt cosh Φ, (3)
where Φ is the rotation angle depending on the cylindrical
radius r, and we use units with c = 1.
Other pairs have the usual rotation, but all angles must
also depend on r. In a sense, this is equivalent to the
introduction of centrifugal forces.
The denominators of the hyperbolic sine and cosine
in (2), (3) are
√
1− r2ω2. From this follows the well-
known assertion that the velocity along a circle of radius
r does not exceed the speed of light. This is equivalent
to inequality
r ≤ 1
ω
=
λ
2pi
= λ, (4)
where the wavelength λ corresponds to the frequency ω.
This important inequality defines the maximum allow-
able value of r.
Below we briefly consider the derivation of 3D trans-
formation as the result of rotations of the corresponding
pairs.
The rotation of first pair (2), (3) matches a line element
rdϕ on the circle of radius r and time. The angle Φ is
determined by relation
tanh Φ = rω. (5)
The second is a rotation in the plane of line elements
(dz, rdϕ′)
dz′ = dz cos Φ1 − rdϕ′ sin Φ1, (6)
rdϕ˜ = dz sin Φ1 + rdϕ
′ cos Φ1, (7)
orientates the linear element rdϕ relative the axis of ro-
tation.
The third is Lorentz’s transformation of line elements
dz′, dt′
dz˜ = dz′ cosh Φ2 − dt′ sinh Φ2, (8)
dt˜ = −dz′ sinh Φ2 + dt′ cos Φ2, (9)
(10)
This transformation is corrected momentum along the
new z˜ axis.
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23D transformation, as the dependence rdϕ˜, dz˜, dt˜ from
dϕ, z, t can be obtained after excluding the primed coor-
dinates from the relations (7), (8), (9).
The dependence of the angle Φ1 on r is determined
from the constancy of the speed of light:
if V ≡ dz
dt
= 1, then V˜ ≡ dz˜
dt˜
= 1, (11)
Using the definition we find
sin Φ1 = tanh Φ = rω, cos Φ =
√
1− r2ω2, (12)
sinh Φ =
rω√
1− r2ω2 , cosh Φ =
1√
1− r2ω2 . (13)
The transformation has a singularity if r2ω2 → 1, since
the denominator of sine and cosine is
√
1− r2ω2. How-
ever, this singularity can be eliminated by choosing the
angle Φ2.
exp Φ2 =
κ√
1− r2ω2 , (14)
where κ is a function of r, nonsingular at the point rω =
1.
Finally, the three dimensional transformation, where
the tilde corresponds to the rotating frame, can be writ-
ten as [3].
dϕ˜ = dϕ+ ωdz − ωdt, (15)
dz˜ = −r
2ω
κ
dϕ+ κ22dz + κ23dt, (16)
cdt˜ = −r
2ω
κ
dϕ+ κ32dz + κ33dt. (17)
The inverse transform derived from it algebraically is
also used below
dϕ = dϕ˜− ω
2κ
dz˜ +
ω
2κ
dt˜, (18)
dz = r2
ω
2
dϕ˜+ κ22dz˜ − κ32dt˜, (19)
dt = r2
ω
2
dϕ˜− κ23dz˜ + κ33dt˜. (20)
The parameter κkl in components is
κ22 =
1
2κ
(1 + κ2 − ω2r2), (21)
κ23 =
1
2κ
(1− κ2 + ω2r2), (22)
κ32 =
1
2κ
(1− κ2 − ω2r2), (23)
κ33 =
1
2κ
(1 + κ2 + ω2r2). (24)
Along with the speed of light constancy, the transfor-
mation possesses following properties:
1. The determinant of system of equation (15-17) is
equal to 1.
2. The transformation turns into the Lorentz trans-
formation if the frequency ω is equal to zero.
To do this, it is enough to assume that
κ =
√
1 + v
1− v ,
where v is a normalized velocity. We obtain then
dϕ˜ = dϕ, dz˜ =
dz − vdt√
1− v2 , dt˜ =
−vdz + dt√
1− v2 . (25)
3. There exist two invariants under the 3D transfor-
mation.
This is three-dimensional quadratic form
r2dϕ2 + dz2 − dt2, (26)
and quadratic three-dimensional differential form
∂
r2∂ϕ2
+
∂
∂z2
− ∂
∂t2
, (27)
The invariance of the form (26) leads to the important
conclusion that the interval of the flat Minkowski space
is also invariant with respect to 3D transformation. This
does not exclude possibility that space can be an object
of point rotation, that is, ’matter of free space’ rotates
similarly to an electromagnetic field in a circularly polar-
ized wave.
Consider applications of 3D transformation in quan-
tum mechanics.
Application to quantum mechanics
Consider Dirac’s equation in constant and rotating
magnetic field, the plane of rotation is perpendicular to
direction of the constant field.
This equation is not invariant under the 3D transfor-
mation. Consequently, the equation transformed into
a rotating reference system along with the wave func-
tion is supplemented by a new term depending on angles
Φ,Φ1,Φ2 and their derivatives in respect to r.
The angle Φ2 is defined with help of a differential equa-
tion of the first order [3]. This makes it possible removal
singularities at the point r2ω = 1
Φ2,r = Φ,r sin Φ1, exp Φ2 =
κ√
1− Ω2r2/c2 . (28)
The dependence of Φ2 has the same form as in (14), how-
ever, unlike to this definition, κ as the constant of inte-
gration is not depend on r.
This dependence significantly simplifies the new term,
which take the form
− (1− α3)iα1α2 ~ω
2κ
Ψ˜, (29)
3where ω is the frequency of the oscillating magnetic field,
Ψ˜ is the transformed wave function.
Description of the magnetic resonance gives an argu-
ment in favor of the 3D transformation. The resonance
occurs when a particle moves in a strong constant and a
weak oscillating magnetic field. From the point of view of
symmetry, a rotating field is more acceptable, but creat-
ing such a field is more difficult. However, the oscillatory
field can be represented as the sum of two opposite ro-
tating fields. The effect of one of them is negligible and
can be excluded from consideration.
The classical description of spin components in a ro-
tating magnetic field implies a transition to a static prob-
lem, that is, to a coordinate system where the magnetic
field is at rest. The first step in this description is the
non-relativistic transformation of the wave function into
a rotating coordinate system Ψ→ exp(iϕt/2)Ψ0 [2].
In [3] it was shown that the use of a three-dimensional
transformation instead of this non-relativistic one and
the determination of magnetic resonance as stationarity
solutions in a rotating frame of reference leads to the con-
clusion that the magnetic moment is always anomalous
and its g-factor equals κ.
Such a description cannot give a concrete value of the
g-factor, this value is calculated by means of quantum
field theory with great accuracy.
The study of the additional term (29) gives another
argument in favor of the three-dimensional transforma-
tion. This is related to the invariant form found above
(26) and the possible interpretation of the space as an
object of the point rotation.
Suppose that our space is such an object, rotating at a
frequency of ωr. Then, after the transition from the rest-
ing space, the Dirac equation gets the term (29), where
ω = ωr, for definiteness ωr is named the relic frequency.
In [3] an upper boundary for this frequency is found as
uncertainty of Lamb’s shift in the hydrogen atom. This
boundary is of the order of 14 KHz. In reality this fre-
quency is considerably lesser and correspond cosmic phe-
nomena.
Application to the general theory relativity
Implementing this idea, insert the invariant (26) into
the interval in the general theory of relativity
ds2 = fdr2 + g(r2dϕ2 + dz2 − dt2), (30)
where f and g are some functions of coordinates ϕ, z, t.
Amazingly, calculations show that Einstein’s equations
with the cosmological term (consisting of 10 equations)
have no a solution depending only on the cylindrical ra-
dius. However, there is an exact solution for the metric
(30) [1], compatible with the two functions f and g. Its
distinguishing feature is that the solutions do not depend
on r and represent point rotations with the axis of rota-
tion at each point.
The solution has the form
f =
1
(νt+ kz)2
, g =
(ηϕ)2
(νt+ kz)2
, (31)
where ν, k are constants that satisfy
ν2 − k2 = 1
3
Λ, (32)
Λ is the cosmological constant.
The solution has singular point, which moves along the
axis of rotation in course of time.
This solution is an example of the ’point rotation’. To-
gether with this solution, a dualism arises, similar the
’wave-particle’ in quantum theory. On one hand, the
size of the universe is bounded according to the inequal-
ity (4), where 1/λ is proportional to the square root of
the cosmological constant, on the other hand, the size is
infinite, since the axis of rotation can be chosen at each
point.
Application to optics
Consider the propagation of an optical circularly po-
larized wave through a single-band modulator. This is
an interesting object for researches, since the movement
of light through a modulator is in some sense similar to
the movement of spin in magnetic resonance.
The modulator is designed for optical frequency shift-
ing without harmonics. It consists of a trigonal electro-
optical crystal in an electric field, rotating in a plane
perpendicular to axis of crystal [4].
The principle of operation of the modulator tested ex-
perimentally in [5].
Three-dimensional transformation allows us to con-
sider the composition of frequencies as a composition of
velocities in the Lorentz transformation.
’On fingers’, the process of light movement is described
as follows. Let ω and Ω be the frequency of the applied
electric field and a circularly polarized optical wave, re-
spectively. Assume for definiteness that sense of both
rotations coincides. We also assume for generality that
crystal may move along the crystal axis at a velocity v.
Transit into a frame connected with the rotating indi-
catrix. Then the optical frequency becomes Ω − ω/2. If
the amplitude of the applied electric field is equal to the
half-wave value, then the sense of the rotation of the op-
tical frequency reverses and at the output of the crystal
in the initial (laboratory) frame takes the value −Ω + ω.
More general results can be obtained with help of the
frequencies composition in 3D transformation.
4Transit to the rotating frame using relations (15)-(17)
and take into account that ω must be replaced by ω/2
Ω˜ =
κ
τ
[2Ω + ωv − ω],
v˜ =
−r2ωΩ + c22v + c23
−r2ωΩ + c32v + c33 ,
dt˜
dt
=
τ
2κ
, τ = [−r2ωΩ + c32v + c33].
ckl = 2κκkl is a matrix inserted for convenience.
Subtract 1 from every site of the second equation.
Ω˜ =
κ
τ
[2Ω + ω(v − 1)], (33)
v˜ − 1 = 2κ
2(v − 1)
τ
, τ =
2κ2(v − 1)
v˜ − 1 (34)
dt˜
dt
=
τ
2κ
, τ = −r2ωΩ + c32(v − 1) + 2. (35)
The reverse motion is realized with help the inverse
transformation.
Ω =
1
τ˜
[2κΩ˜− ω(v˜ − 1)], (36)
v − 1 = 2(v˜ − 1)
τ˜
, τ˜ =
2(v˜ − 1)
v − 1 (37)
dt
dt˜
=
τ˜
2κ
, τ˜ = r2ωκΩ˜− c23(v˜ − 1) + 2κ2 (38)
τ˜ τ = 4κ2,
Obviously, the system of equations derived from the in-
verse transformation is a consequence of the direct trans-
formation, in accordance with the fact that both systems
follows one from another.
Input parameters at the entrance of the optical wave
to the modulator are Ω, v is transformed to Ω˜, v˜. With-
out modulating by the electric field we obtain the initial
parameters at output using the inverse transformation.
However, if an amplitude of the applied electric field is
equal to the half-wave voltage, then we should insert −Ω˜
as input parameter into the inverse transformation.
This phenomenological approach gives the final output
frequency.
−Ω + ω(1− v). (39)
It is noteworthy that the parameter κ vanishes from the
final result.
CONCLUSION
The arguments in favor of the tree-dimensional trans-
formation for rotating frames are:
Presently quantum mechanics gives such an argument.
This is the statement that in Dirac’s equation the mag-
netic moment is always anomalous. However, it is neces-
sary to redefine the magnetic resonance as the condition
of stationarity solution in a rotating frame. In this case
the g-factor is equal to κ
Another more strong argument gives the general the-
ory of relativity. The use of the invariant quadratic form
in the interval lead to amazing results. There are no so-
lutions to the Einstein equation with the cosmological
term depending only on the cylindrical radius, but there
exists the solution with f and g depending on all other
coordinates.
Three-dimensional transformation for a rotating coor-
dinate system allows us to consider the composition of
frequencies similar to the composition of velocities in the
Lorentz transformation. An argument in favor of 3D
transformation is simple summation if the crystal is at
rest. Perhaps for a moving crystal, the shift of frequency
can be used in the technique.
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